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THE NORMAL STATE OF THE MARKET IN
A SHORTAGE ECONOMY: A QUEUE MODEL

Janos Kornai

Hungarian Academy of Sciences, Budapest, Hungary

Jorgen W. Weibull

Royal Institute of Technology, Stockholm, Sweden

Abstract

The subject of this study is an economy characterized by chronic shortage and
queuing. The paper elaborates a very simple model for a single good, primarily
intended as an illustration of an analytical framework for studies of shortage
phenomena. Our main concern is to describe a market which is away from
Walrasian equilibrium, and nevertheless in a stationary state, permanently re-
storing its basic properties. Central concepts in our analysis are such non-financial
costs of shortage as queuing time, postponement of purchase and forced substitu-
tion.

I. Introduction

The subject of our study is an economy characterized by chronic shortage
and queuing (seller’s market). This is the case in many sectors of the Eastern
European socialist economies. The phenomena of shortage may appear in
other systems as well: in housing markets under rent controls, in the health
services of some developed capitalist countries, or in the consumer-goods
markets of the developing countries.

There is a growing interest in the theory of an economy out of, or even far
away from, Walrasian equilibrium; see for example the works by Clower (1965),
Barro & Grossman (1971, 1974), Benassy (1975), Malinvaud (1976) and
McCafferty (1977). We would like to contribute to this course of research. The
subject is very extensive and has many facets.1 This article touches only on a

1 One of the authors, J. Kom4ai, has been engaged in the study of shortages for a long
time. The antecedents of the present research are his works (1971), (1974) and (1977).
In 1977 he gave a lecture course at Stockholm University under the title “Economics of
Shortage”. Work isin progress to develop the lecture notes into a book, which will discuss
many different aspects of the theory of shortage. The research carried out, jointly with
J. W.Weibull,and reported in this and a forthcoming second paper, branched out from this
broader study of the economics of shortage.

J. Komaitakes the opportunity to express his gratitude to the Institute for International
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376 J. Kornai and J. W. Weibull

few points, focusing mainly on some microeconomic aspects. Our main concern
is to describe a market which is away from Walrasian equilibrium—and
nevertheless in a stationary state, permanently restoring its basic properties.
Appraising our own results: although we arrive at a few theorems, we would
like to draw attention more to the analytical framework, i.e. to the specific
points of view from which we consider the functioning of a market in chronic
shortage.

This paper elaborates on a very simple model, to introduce the reader into
our framework. Later on, we will publish papers where we relax some of the
most restrictive assumptions and reflect more on the complexities of the
problem.

One comment should be made here concerning deterministic versus sto-
chastic modelling of queue systems. In contrast to other queue models,
which are usually stochastic, the present model is deterministic. This choice
of approach reflects our belief that in situations characterized by chronic
shortage, the stochastic element is secondary in comparison to the inter-
dependencies and feedback mechanisms regulating the system. Although a
general model should include stochasticity as well, some of the fundamental
relationships may be explained within a deterministic framework.1

One more preliminary comment. What we present here is a descriptive theory.
We do not raise normative questions. Shortages and queues are facts of life.
We neither praise nor condemn—we try to understand them.

Il. The Model: General Description

The model is a deterministic stock-flow model, formalized in terms of a system
of ordinary differential equations. We describe it in two stages. In Section II,
we discuss the model in a rather general way, more in qualitative and
micro-oriented terms, for expository purposes and for interpretation. In
Section 111, we go into the technical details and present the full formal
description.

I1.1. The Structure of the Market

We study a market trading a single good G. This can be a specific commodity,
or an aggregate composed of different commodities. The good is traded as
indivisible items; each buyer will acquire only one item on the purchase
occasion. (For example he buys one car or one refrigerator.)

Economic Studies at the Stockholm University for support of his research and to his
Swedish colleagues for many inspirations. J. W. Weibull gratefully acknowledges the support
of the Swedish Council for Building Research, as well as the constructive criticism provided
by his colleagues at the Department of Mathematics at the Royal Institute of Techno-
logy, Stockholm.

Both authors are indebted to Lars-Go6ran Mattsson, Ingemar Nasell and Johan Philip for
valuable suggestions and comments.
1 We are grateful to Lars-Gdran Mattsson, who originally advocated this viewpoint.
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The normal state of the market in a shortage economy 377

There is only one seller (a monopolist or the aggregate of several individual
sellers).

There are n buyers. The whole population of buyers is divided into subpopula-
tions called groups of buyers. Each group has its own characteristic reactions
to the market. We call the representative member of group i a buyer of type i.
There are k groups, and n, members in group i; ]>f-i n(—n. The number of
participants (one seller, nv n2, ..., nk buyers) does not change over time.

Although the model, as it is formally defined in Section III, is deter-
ministic, it may be viewed as a “hybrid” model, consisting of a collection of
deterministic relationships between mean values for stochastic components.
In particular, we focus on a sequence of decisions made by the buyers when
shopping. At each such decision stage, we model the aggregate behavior of
the buyer groups in terms of flows-, the inflow of buyers into the decision
stage and the flow shares out of the decision stage, corresponding to each
decision alternative (there are only two options at each decision stage). How-
ever, these deterministic flow shares may be regarded as mean values for
stochastic individual choice behavior, the shares being identified as choice
probabilities. At other places in the model, we talk about deterministic rates.
As in the case of the flow shares, these rates may be interpreted as mean
values for stochastic individual behavior. In order to illustrate the deter-
ministic model assumptions, we frequently make such micro-oriented, sto-
chastic interpretations. In the literature on stochastic queue models, our
approach is sometimes referred to as “the fluid approximation”; see e.g.
Kleinrock (1976).

11.2. The Shopping Algorithm

Shopping is a dynamic process, a series of decisions. Since shopping has
some behavioral regularities, the process can be described as an algorithm.
The structure of such an algorithm may of course be different for different
shopping situations. In the following analysis, we focus on one particular
algorithm that we feel has some of the ingredients of real-life situations and yet
is analytically tractable. We illustrate the shopping process in Fig. 1in the
form of a block diagram.

We accompany an individual buyer of type i on his shopping route. He
departs from the field called START.

His first decision problem is the following. Should he try to buy good G,
traded on the market of our model? Or rather, should he buy the substitute
good H, traded on another market (outside the scope of our model)? Good H
can be a specific close substitute or a composite good, representing the
aggregate of all close and distant substitutes for G. We assume that income
and all other factors influencing the buyer’s decision are given and that they
are invariant over time. The only signals to be considered at this decision stage
are the prices, i.e. the price ratio n =P0IPh-

Scand. J. of Economics 1978



378 J. Kornai and J. W. Weibull

Fig. 1. The shopping algorithm.

We denote the buyer’s initial buying propensity by a,(n). This is a non-
increasing (usually decreasing) function of n. Given the price ratio n, a"n)
is the fraction of buyers of type i that will decide to look for good G rather
than good H. In micro-oriented terms at(7i) may be interpreted as the
probability that the buyer will initially prefer good G to good H.

So far, we have an orthodox point of departure. The function at(n) is an
ordinary demand function, depending on relative prices; only the technical
form is different from the usual, since we need this particular form for our
further analysis.

Keep in mind the adjective “initial”. It refers to the fact that a”n)
represents an original buying intention at the beginning of the shopping route
—subject to later revision, after encountering the shortage phenomena. It
expresses a hypothetical demand, assuming the absence of shortage.l The

1 Our concept of “hypothetical demand” is closely related to—although not identical
with—Clower’s concept of “notional demand”. The Clowerian concept is used in a
comparative static framework; we describe demand formation as a dynamic process.
In Clower’s model actual transaction cannot exceed notional demand, whereas we assume

Scand. J. of Economics 1978



The normal state of the market in a shortage economy 379

fraction at(n) of the shopping members of group i are willing to spend their
money on G, if the good G were available on the supply side without delay.

Our buyer proceeds to the seller’s place. There is a queue. He is hesitant:
should he join the queue? We assume that there is only one factor influencing
his decision, and that is the expected queuing time w. The larger the w, the
more reluctant the buyer is to join the queue. The quantity ft(w) expresses
the queuing propensity. This means that out of the total number of type i
buyers, interested in purchasing good G, a fraction ft(w) will join the queue,
and the rest, i.e. the fraction (1 —"w)), are not willing to join the queue right
now.

Let us assume for a moment that our buyer belongs to the first subgroup,
and he enters the queue. He waits, patiently or impatiently, until served, and
then he goes home with the newly-acquired good. We suppose that after some
time has passed, his desire to acquire another item of good G or H arises—
and the whole process begins again. The reasons for renewal of the need will
not be discussed. (For example, the buyer uses up the good or it becomes
obsolete or out of fashion after a while.) Anyway, out of the total number of
G-satisfied buyers at time t, we assume that the fractiony t-dt will exhibit a need
to acquire another item (of either G or H) in the infinitesimal time interval
(t, t+dt). The assumption that this fraction is independent of the time t is made
here for technical convenience. In micro-oriented terms this assumption implies
that the satisfaction time, i.e. the time interval from the date when a buyer
acquires an item of good G until the date when the renewed need arises,
considered as a random variable, has an exponential probability distribution
with mean value 1fyt. The quantity yt will be called the (post G) need renewal
rate and 1fyt will be referred to as the average G-satisfaction time.

We now turn to the other branch of the algorithm, to the buyer who was
scared away by the long queuing time. He has different options. He may
insist on buying good G, but he postpones the decision of whether or not to
join the queue to a later time. This can be a reasonable action in the case of a
real “physical” queue: people standing in front of the butcher’s shop in the
morning, or sitting in the doctor’s waiting room.1 The buyer’s behavior is
described by two attributes. First, there is a postponement propensity denoted
by bj. And second, there is a postponement time. After that time has elapsed,

that the buyer may apply forced substitution. He may buy more of good H than his
hypothetical demand, if waiting time for good O is unacceptably long.

Studying empirical evidence of chronic shortages, we think our assumption is less
restrictive, and renders more generality to the description of buyer’s behavior.

To avoid terminological confusion, we use different names for these two—partly over-
lapping, but partly differing—phenomena.

There are some more related, but not strictly identical concepts in our terminology and
in the language of the “disequilibrium school”. Lack of space does not allow detailed
comparison of the conceptual frameworks.
11t isnot a reasonable option in the case of a “notional” queue, e.g. when serial numbers
are distributed among the members of the queue, after which everybody may go home
and return when called.

27-784819 Scand. J. of Economics 1978



380 J. Kornai and J. W. Weibull

the buyer returns and considers again: should he join the queue? Here we make
a similar assumption as for the G-satisfied buyers, i.e. in the infinitesimal time
interval (t, t+dt), the fraction o ,-dt of the total number of postponers in group
i will return to reconsider their joining the queue. In micro-oriented terms:
the postponement time is an exponentially distributed random variable
with mean value 1/g4 We call gt the reconsideration rate and 1/gtthe average
postponement time.

Another option for those who did not join the queue, but do not postpone
the same decision, is to substitute good H for good G We call this forced
substitution, forced by shortage and revealed in the unacceptably long queuing
time. There were some people, the fraction (1—a”n)) of customers of type i,
who made a voluntary substitution, considering exclusively the relative prices
of G and H. But now some more substitutioners follow them, on an
involuntary basis. Considering relative prices, they would prefer G to H—
but threatened by the long queuing time they would rather revise their initial
demand and are willing to accept good H instead of good G. Forced substitution
is the key phenomenon in understanding what is happening under chronic
shortage. We denote the forced substitution propensity by cn). (As in the case
of the initial buying propensity, we assume that the forced substitution
propensity depends only on the relative price ji.)

The third option is to give up the purchase of both Gand H, and simply
keep the money unspent. This can be called shortage forced saving.1

Aware of all these options, we introduce some drastic simplifications in the
present expository model. We exclude the possibility of shortage forced
saving and assume the following. If the buyer is neither willing to join the
queue for G immediately, nor willing to postpone the same decision, then he
must be willing to accept forced substitution and to buy good H. This good is
always available immediately. One possible interpretation of our assumption
is that good H represents the composite commodity “goods other than G”.
Even in the worst degree of shortage there is always something in the stores.
Most of the buyers are willing to spend their money on something, somehow.
This is a rather realistic assumption for a very large part of buyers’ decisions
in a shortage economy.2 Our assumption is represented by the following
relationship: bt+ct=1. For the sake of simpler notation, we use only the term
cf and the postponement propensity will be denoted by (1—¢,).

In the case of acquiring good H (due to voluntary or forced choice) the
buyer goes through a similar satisfaction time as in the case of good G. In
particular, we assume that in the infinitesimal time interval (t,t+dt), the
fraction xt-dt of all IT-satisfied buyers of type i will exhibit a need to acquire

1 The first option, postponement of the decision to join the queue for O, may imply
temporary forced saving as well.

2 A detailed discussion of forced saving will follow in other publications resulting from
our research.
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The normal state of the market in a shortage economy 381

another item (of either good G or 11). We call xtthe (post H) need renewal rate
and Ifxt the average H-satisfaction time.
This brings us to the end of the whole cycle.

I1.3. The Buyers’ Attitude

To sum up, the buyers’ attitude is characterized by the following collection of
functions and parameters:

at(n) —initial buying propensity at relative price n

ft(w) = queuing propensity at queuing time w

c,(n) = forced substitution propensity at relative price n

(1 —€x(n)) = postponement propensity at relative price n

yi(x( = (post G) and (post H) need renewal rates, respectively
p, = reconsideration rate.

The functions and parameters listed above describe the attitude of group i.
It may be noted that the attitude (considered as a vector) is specified in terms
of only two “signals”: the relative price n and the queuing time w. Moreover,
we have separated the buyers’ considerations of these two signals into suc-
cessive, distinct decision points in the shopping algorithm. Thus, having once
accepted the price, the buyers consider the queuing time without regard to
the price. (Conjoint consideration of price and queuing time may be analyzed
without technical difficulties.)

A brief comparison with the usual market models is now in order. As
already mentioned, we go along with the traditional description at the first
step of the algorithm—the demand function depends on relative prices. The
usual model terminates here, with the tacit assumption that it is enough
to know what the buyer’s intention is. If he wants to buy a given quantity at
the price asked for by the seller—he will surely get it. We admit that this
tacit assumption is more or less legitimate when excess demand is only
exceptional and temporary. It can be applied to the description of a market
where automatic forces rapidly eliminate excess demand. But under the
circumstances of chronic shortage the same tacit assumption becomes un-
justified; the description of the buyer’s behavior must not stop here. What
will happen after the first step, i.e. after determining the initial demand?
In an economy where excess demand is exceptional, buying can be treated as
a one-stroke action: a decision regarding purchase intention and actual
purchase can be condensed into one moment of time. On the other hand, in a
shortage economy, buying may be described only as a process over time,
looking at the original decision and later on at the revisions, choice between
further options, etc. Therefore, the following dilemmas were introduced into
the model: joining the queue, postponing, and accepting forced substitution.
(In a forthcoming paper, we will discuss the case of searching buyers.)

Scand. J. of Economics 1978



382 J. Kornai and J. W. Weibull

11.4. The State Variables of the Buyers

At any fixed time t, each buyer plays exactly one of four different roles. The
number of buyers in each role will be represented in the model by the following
four state variables-.

xu(t) = the number of buyers of type i who are queuing at time t; briefly: the
queuing buyers;

x2i(t) =the number of buyers of type i who have earlier acquired an item of
good G and, at time t, are not yet ready to start the shopping process
again; briefly: the G-satisfied buyers-,

x3i(t) = the number of buyers of type i who have earlier acquired an item of
good H and, at time t, are not yet ready to start the shopping process
again; briefly: the H-satisfied buyers;

xit(t) = the number of buyers of type i, who have earlier postponed the decision
to join the queue, and at time t do not yet reconsider the same decision;
briefly: the postponing buyers.

xu(t) + x2(t) + x3i) + xtit)=nt i=1,...,k, t>0.
k
X)= 2. xX0 ij=1234 t>0.

In the following analysis, all the variables above are treated not as inte-
gers but as real numbers. At any time 0, the vector @(), ..., xIk(),
X2(Y), ..., xAqt), x3(t), x31), x41), xik(t)) will be called the state of
the buyer population at time t. Conversely, any non-negative real vector
(*u, x12 ..., xik) satisfying xu +x2+*3J+*4j=W for all i, will be called a
feasible state for the buyer population.

11.5. Service Capacity and Effective Service Flow

In subsections 11.2-11.4 we discussed the buyers. We now turn to the
description of the seller. In the context of the present model, supply will be
represented by service capacity and trade by effective service flow.

The service capacity of the seller is denoted by A This is the maximal number
of buyers who can be served per unit of time. In the case of a store, Adepends
on the initial inventories and on the deliveries of supplies to the store. In the
case of a productive firm, Adepends on the initial inventories and on the
production capacity. We disregard inventories and assume that Ais time-
invariant and fixed exogenously.

As the queue length xx is treated here as a continuous variable, it would
be natural to let the effective service flow, i.e. the actual number of buyers
served per time unit, equal Afor xx>0 and zero for xx=0. In other words, full
service as long as there is a queue, and no service if there is no queue (the
person being served is included in the queue). However, this “switching rule”
type of dependency of the effective service flow (s) on the queue length (ag) is

Scand. J. of Economics 1978



The normal state of the market in a shortage economy 383

discontinuous at ag=0, and such a discontinuity would be technically
disturbing in the analysis of the dynamics of the system of buyers. Therefore,
we replace this discontinuous relationship by a continuous relationship along
with a limit argument. More precisely, first we let the effective service flow
(s) depend on the queue length (ag) according to the following equation:

s(Xi{t) =k-ha(x(t), 2.1)

where ha is a continuous function that increases from zero to unity on the
interval [0, o] and equals unity on the interval [a, + °°). The parameter a,
called here the “smoothing coefficient”, is assumed to be a small, positive
constant. Later on in the analysis, we let a approach zero, thereby letting
the continuous relationship (2.1) approach the original, discontinuous “switch-
ing rule”.

11.6. The queue

All actions of the seller and of the buyers are mutually independent—with
one exception. The only place of interaction is the queue. This is where they
meet; the queue is the linkage which makes the participants of the system
mutually interdependent. The queue might be either “physical”, i.e. consisting
of persons waiting in a waiting-room or a shop, or “notional”, i.e.
consisting of a pile of requests or orders at the seller’s office.

The queuing time w appears as the argument in the queuing propensities
fi(w), *=1,2, ..., 19, which does not mean that presumptive customers neces-
sarily perceive w correctly—only that their aggregate behavior is a function
of w. We consider the case of queues without priorities, i.e. a newcomer joining
the queue has to wait the time it takes to serve all customers standing ahead
of him in the queue. This motivates the following relationshipl:

w(t) = ag(fy/A 22)

It should be noted that this equation may also be used as an approximation
in some cases with more than one queue for good G. If there are many queues
and the arriving customers always choose the queue with the shortest queuing
time, then the queuing times in the different queues will tend to become
equal, and equation (2.2) applies to the aggregate of queues.

The queue is comprised of members from the different buyer groups. In
general, these groups may be more or less well-mixed in the queue. However, for
analytical tractability we assume that they are homogenously mixed. Let
st(t) denote the outflow of served buyers of type i at time t:

Yau(t)
sty = xi@y ™ O
0 if aq(f) = 0 23)

1 For a<1, the quantity »diJ/A equals the time a newcomer at time t has to wait for his
service to start.

if aq(0 >0

Scand. J. of Economics 1978



384 J. Kornai and J. W. Weibull

In other words we assume that the outflow of served buyers of type i
from the queue is proportional to the share of such buyers among all buyers
in the queue. For an initial or transient state of the buyer population, this
may indeed be a crude approximation (the queuing members from one buyer
group may e.g. stand ahead of all other queuing buyers). In a stationary state,
however, the homogeneity assumption is appropriate, granted independent
individual behavior.1 The quantity st will be referred to as the effective service
flow of buyers of type i (i=1, 2, ..., 19, s=s1+s2+ ...+sfc

I1l1. The Model: Formal Summary

After explaining the institutional and microeconomic implications of the
model, we are ready to summarize the formal description with some repetition
of Section II.

I11.1. Exogenous Data

The following parameters are assumed to be exogenously given, fixed real
numbers: An, yt, xitg{ (t=1, 2, ..., k). Let R+denote the set of non-negative
real numbers and [0, 1] the closed unit interval. The following functions are
assumed to be exogenously given, fixed and defined on R+and take values in
[0, 1] /j, at, c,, ha(i=1,2, .., k).

Our main assumptions are implied in the qualitative properties of the
model, discussed in Section Il. We now give a partial summary of the
assumptions, listing only those which are needed for the mathematical specifica-
tion of the exogenous parameters and functions. Some of these assumptions,
listed below, are mere repetitions of earlier verbal formulations. Some others
will be introduced here. (Observe that the assumed properties of the functions
are taken to hold in the whole domain R+ of the functions.)

Al: The parameters A yt, xt and o, (t=1, 2, ..., k) are all positive. Q>xi
for all i. The parameter n is non-negative.

A2: The functions ft (i=1, 2, ..., k) are all non-increasing with /i(0) = 1 and
have continuous first derivatives f[.

A3: The functions a, (t=1, 2, ..., k) are all non-increasing and continuous
with lim”~o0 a”*n) =0.

A4: The functions ct (*=1, 2,..., k) are all non-decreasing and continuous.
If afn)=0 for some i and n, then ci(n)>0.

A5: The function h,, (<r>0 being fixed) is increasing on the interval [0, crl.
Moreover, ha is twice differentiable and satisfies ha(0)=0 and ha(x)=1
for every x>a.

1 Assumption (2.3) is disturbing from a logical point of view. Namely, in the case of more
than one buyer group it may conflict with the interpretation of (2.2) in terms of a strictly
ordered queue. An alternative interpretation of (2.2), which is consistent with (2.3), is
that the members of the queue are drawn at random for service. Assuming an equal chance
of being drawn and average service time per buyer 1/A equation (2.2) gives the expected
queuing time and (2.3) the average service flows for the different groups.
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These assumptions require a few comments.1 First, In A1 we assume that
the average //-satisfaction time (1/Xj) exceeds the average postponement time
(Upi). In other words we think of situations with “short-term” postponement,
as compared to consumption time.

Second, in A4 we assume that if the relative price is so high that type i
buyers have zero initial buying propensity, then they have positive propensity
for forced substitution.

Third, the smoothing function h,, requires a comment. In the subsequent
analysis we first derive results for an arbitrary smoothing function ha with
>0 fixed. We then let a decrease to zero and establish results for this
limiting case (to be distinguished from the case a=0).

I11.2. Dynamic Relationships

As was indicated above, we will describe the dynamic evolution over time of
the population state variables xu(t), x2i(t), x3i(t) and adi(i), i=1,2, ..., k, in
terms of a system of (non-linear) ordinary differential equations. The system
is given below (for *=1, 2, ..., k):

Xu=ai-fi(w)-(yi-x2i+}<i-x3i) + fi(w)-Qi-xii-s i 3.1
*2A=5,-yt-x2 (3.2
X3 = [I —,+«,*cp (I ~fi{w))]-{yi-x3i+xi-x3i)+ci' (| —Ft(w)) «gy Xit—Xi‘x3
(33
xii=a,-(I-ci)-(I-fi[w))-(yi-x2i+>d-x3i) + (1- ¢ i) - (- fi(w))-Qi-xii-Qi-xii
(34)

Here all state variables as well as the service rates and queuing time are
functions of time, xu =xu(t), etc. The service rate s, is defined in equations
(2.1) and (2.3), and the queuing time w is defined in equation (2.2). The terms
“a” and “c” are abbreviations for “at{n)”” and “c”n)”, the relative price n
being constant. The dot notation signifies time derivatives, x=x{t) =dx(t)fdt.
Note that the sum of the time derivatives is zero, aqj+ &2(+ a3(+ &(=0, re-
flecting the assumption that the number of buyers in each group is constant.
Moreover, no state variable can take a negative value; for any feasible state
(xJi) with xjt=0 for some j and i, we have x}i>0 by equations (3.1) to (3.4).
Thus the solution to the system of differential equations is bounded at all
times t> 0. In force of the assumed continuity of the first derivatives f, and Ha,
this guarantees the existence and uniqueness of the solution at all times t>0;
cf. Theorem 3.1 in Chapter | of Hale (1969).

1 A function / is said to be increasing (non-decreasing) if xx<x2implies /(%) < /(a;2)\j(xx) <
/(*>)]. It is said to be decreasing (non-increasing) if xL<x2implies /(x,) >/(x2) [/(a") >/(»,)].
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(queuing) (G-satisfied)

Fig. 2. Flow chart for the system of differential equations.

The system of differential equations (3.1)-(3.4) is an aggregate formulation
of the description of the individual shopping behavior in Section I1.2. This
correspondence may be studied through a comparison of Fig. 2, which
demonstrates the functioning of the system of differential equations, with
Fig. 1, which demonstrates the shopping algorithm.

IV. The Normal State of the Market

The buyer population, as described by the state variables xu, x2i, x3i, x4i
(»=1,2....k) is said to be in a stationary state if it does not change over
time, i.e. if all time derivatives are zero: xli=x2i=x3=xii=0 for all i (the
system of differential equations being autonomous). In this section it is first
shown that there always exists a unique stationary state. Second, for the
special case of a single buyer group, it is shown that this stationary state is
stable under fairly mild conditions on the queuing propensity function.
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IV. 1 Existence and Uniqueness

Proposition 1. For any collection of parameters and functions satisfying
assumptions A1-A5, there exists a unique stationary state.

(Basic ideas of some of the proofs are given in the Appendix at the end of
the paper.)

We now study in some detail what happens to the stationary state as we
let the smoothing coefficient approach zero. The following two corollaries to
the above proposition state that the queue then approaches either a positive
value or zero, depending on the given collection of parameters and functions.
Let

Y ifixr at(@)+yr (I-a,(n))
and

At(W)-- — (1 — at(n)) + m 0 ,(71)

+
(_172..7% (*2)

(0<A,(w) < + °°). Furthermore, let x*,(a), x*t(a), x%,0) and x*,(a), i=1, 2, ..., k,

denote the stationary state variable values corresponding to an arbitrary,
fixed smoothing coefficient <j>0.

Corollary 1.1. If A<<;, then limaj,0x*(0) =x*, where x* >0. Moreover, x* is the
unique solution to the equation

y «tfo) «n,
i PeAi(xjK) +a(7i) mx~ © (43)

Let ff =/j(&/A). For a buyer group i with o ,(z1)>0 and /*>0 we have:

C e a(ry-Xi.n,,
X Hgﬁu(cr) A-Aaxtlx +an-X 1 @9

x*t= lim x*i(a) = —extifx* (4.5)

i lipdi@) = 1AM Gy D paoa@l /o @gtxt

xti = !itrg] xti(@) = (L- C(7) e . 1? - o Xti/xt 4.7)
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For a buyer group j with a*n) =0 and/or /*=0 we have x*j=xtj=0, and
X*j, x*j may be calculated directly from the stationarity conditions.

Corollary 1.2. If X>< then lim@0%*0) =0 and for *=1, k we have

X4 = |<|7n6 X*i(a) —0 4.8)
o SN Xi-a”-n,
X2= IR = i aigm) +yr (\-ai(n) (49)
X= IoR0) = & e Ty (o)) (410
x* = limxzfcr) =0 (4.11)
0

Thus, in the limit, as we let the smoothing coefficient a approach zero, we may
distinguish between two different types of stationary states. For collections
of parameters and functions satisfying the inequality X<if> the corresponding
stationary states approach states characterized by shortage (x*>0), while
for collections of parameters and functions satisfying the opposite inequality,
A<E, the corresponding stationary states approach states characterized by non-
shortage. These two types of limiting states will be studied in some detail in
Section V. For such a study to be meaningful, however, we have to verify the
stability of the stationary state for small, positive values of the smoothing
coefficient.

IV.2. Stability

Only the special case of one group of buyers will be considered here; thus
&=1 and the subscript i will be deleted. Moreover, when talking about
stability in this context, we mean asymptotic stability. Intuitively speaking, a
stationary state is called asymptotically stable if, when given a small perturba-
tion in the state space away from the stationary state, it asymptotically (in
time) returns to the stationary state. Thus asymptotic stability is a local
characteristic, telling only how the system behaves in a small neighborhood
around the stationary state. More exactly, we use the (standard) definition
of asymptotic stability as it is given in e.g. Hale (1969).

In the preceding subsection it was shown that if A< then x*(0) approaches
a positive value as the smoothing coefficient a approaches zero, while x*{a)
approaches zero for A>#> This motivates a division of the stability analysis
into two cases. For the case X<f> a sufficient condition for stability is that
the queuing propensity function / is “smooth” for all positive queuing times.
For the opposite case, A>t> it is sufficient that / is “flat” at zero queuing time.

Proposition 2. Consider a buyer population consisting of only one group, ft=1,
and assume a(jz)>0.
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(@ Suppose } < Assume that A1-A5 hold and moreover that the queuing
propensity function / has a second derivative /" for every w> 0. There then
exists an e>0 such that the stationary state is asymptotically stable for
every smoothing coefficient a6 (0, €).

(b) Suppose Assume that A1-A5 hold and moreover that the queuing
propensity function / is identically equal to unity in some interval (0, 0).
Then the stationary state is asymptotically stable for every smoothing coeffi-
cient a6 (0, A0

As already mentioned, the above proposition does not tell us how the
system reacts to large perturbations away from its stationary state. So far,
we have no general results concerning the global behavior of the system.
However, for the special case where the possibility of postponement is excluded,
it may be shown that the stationary state is indeed globally stable, i.e. the
system returns to its stationary state at arbitrarily large perturbations.

Proposition 3: Consider a buyer population consisting of a single group
without possibility of postponement, ie. &1, a{n)>0, c(n)=1 and
a#(0)=0. If assumptions A1-A5 are satisfied, then the system converges
asymptotically to its stationary state from any initial state.

As a complement to the analytical stability studies above concerning the
special case of one buyer group (&= 1), a few numerical computer simulations
have been made for the case of two buyer groups (k=2). Admitting that
we have made no extensive simulation studies, we are able to say that all
simulations so far show global stability of the system. On the basis of our
simulations we make the following conjecture.

Conjecture. At least for the case of two buyer groups, k=2, there is a fairly
wide class of exogenous parameters and functions satisfying assumptions
A1-A5, for which the corresponding stationary states are globally stable.

IV.3 Walrasian and Non-Walrasian Long-term Equilibrium

When xIt=x*i, ..., xdi=x*, »=1, ..., k, the system is in its normal state. Some
words of explanation and interpretation concerning the term “normal” will
be in order.

In an empirical descriptive interpreation of the model, the implication is this:
the normal value is the intertemporal mean of a state variable. Hence our model
is suitable only as a description of a stagnating market. Our conjecture
is, however, that the results can be generalized for systems where supply,
trade and consumption are changing (e.g. increasing) over time. (One might,
for example, consider “immigration” of new potential buyers into the market
for good G) In that case we have to redefine the concept of the normal state,
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which becomes a relative term (xji(t)Ini{t)=c for all t and every i,j). In
subsequent comments we refer to the generalized interpretation of the term
“normal state”, where the stationary state of our model is only a special case.

For a meaningful interpretation, two formally distinct problems—existence
and stability—are thoroughly interconnected. To call any intertemporal mean
a “normal value” would he a tautological re-naming. What makes an inter-
temporal mean a “normal value” indeed is the operation of a feedback
mechanism, assuring that the system, departing from its normal state, will be
brought “hack to normal”. In our simple model the signal guiding the
feedback mechanism is w, the queuing time. If queuing takes too long a time,
buyers will refrain from joining. If, on the contrary, queuing time is shorter
than normal, this will attract more people to join the queue.

In addition to existence and stability, we also have a proposition of uni-
queness of the stationary state. This is not an indispensable implication of the
concept of a normal state. Our unigueness proposition is due, among other
assumptions, to the deterministic framework of the model. In a stochastic
setting, the (unique) stationary state in the present deterministic model must
be replaced by a (unique) stationary probability distribution for the state
of the system.

The normal state could also be called the long-term equilibrium of the sys-
tem.1 There is, however, some terminological confusion and vagueness in the
economic literature, because the term “equilibrium” has strong connotations
in the traditions of the profession. Many economists are inclined to restrict
the use of this term to denominate a system in Walrasian equilibrium. Let us
illustrate the problem by considering the present model. The market is in a
kind of long-term Walrasian equilibrium if ag=0 and ag=0 at all times.
Under certain conditions, which we discuss later on, this may he the case.
But then there are other, non-Walrasian equilibria as well, including normal
states with positive queues. The Walrasian equilibria here only constitute a
subset of the set of normal states.

Many economists would call such steady states disequilibria. Precisely the
new stream of research referred to in the introduction is usually called
“disequilibrium theory”.2 This is not merely a semantic question; in the
mind (or in the back of the mind) names are usually associated with value
judgements. To put it in very simple terms: 90 out of 100 economists will
consider equilibrium as “good”, worthwhile to be maintained, or if lost, to be
restored. Therefore, “disequilibrium” is something “bad”, and therefore it
must be avoided. And if “disequilibrium” becomes long-lasting and chronic,
it is a sign of degeneration, a perverse state of the system; it is something
“abnormal”.

We like the term “normal value” as a synonym for “long-term equilibrium

1 Malinvaud advocates the same approach to the equilibrium concept in his book (1976).
2 See Barro & Grossman (1971), Benassy (1975) and others.
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value”, or “steady-state value”, because it indicates a descriptive statement,
without judgement. The characteristics of a normal state are system specific.

When we say: there are systems which will have queues in their normal state,
this implies: there are no feedback mechanisms, no social forces in the system
driving it toward a Walrasian state. On the contrary, such an economy has
some important properties, deeply embedded in the very nature of the system,
which permanently restore the normal length of the queue, and so on.

Any normal state, including non-Walrasian equilibria, can be self-repro-
ducing, self-perpetuating only because it is accepted as normal by the members
of the system. Queuing, waiting, postponing purchases in spite of available
financial means, forced substitution—these are social costs, paid by the buyer,
in addition to the regular price, paid in money. The propensities to join the
queue, to implement forced substitution, to postpone the purchase, i.e. our
functions /,, ct, and (1 —et), respectively, express the extent to which the
buyers are willing to pay these non-financial social costs of getting the desired
goods. They indicate the socially institutionalized acceptance of the conditions
prevailing on the market.

V. Dependency of the Normal State on Exogenous Data

V.I. Introductory Remarks

We now turn to a study of the normal state in the limiting case aj-O, the state
variables thus being given in corollaries 1.1 and 1.2. We will compare normal
state stocks and flows corresponding to different collections of parameter
values and functions satisfying assumptions A1-A5. Although we are dealing
with a dynamic model, a comparison of different normal states of the system
leads to results similar to the usual comparative static exercises.

First of all the crucial parametric quantity $defined in equation (4.1)
requires a closer look. According to corollaries 1.1 and 1.2 this quantity is the
minimal queue clearing service capacity, i.e. if the service capacity A is less
than this number, then there will be a queue in the normal state, while there
will be no queue in the normal state if Aequals or exceeds <> Observe that
depends only on the relative price n, the initial buying propensity functions
fiti, the need renewal rates ytand jg and the sizes of the buyer groups nu while
it is independent of the queuing propensities fit forced substitution propen-
sities G, reconsideration rates g, and of course of the service capacity A The
quantity <$-thus reflects the buyers’ attitude concerning price, and their
consumption rates. Because of this role of €=it is natural to relate it to the
concept of demand, and actually §>may be interpreted in terms of long-
term potential demand. Namely, for any normal state with no queuing, the
inflow (per time unit) of buyers to the shop or service facility is precisely
cl. Fig. 2 and corollary 1.2. Thus, for any given collection of parameters and
functions describing the buyers’ attitude and behavior, the quantity f>is the
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number of requests for good G per time unit that would be made by this
population of buyers if the system were in a normal state without queuing.
Therefore the quantity may be called the ‘potential demand (flow), generated
by the buyer population, where each buyer requests one unit of the good at
each purchase. (The quantity €$>generally differs from the flow of potential
requests in a particular normal state with queuing. The latter flow, con-
sisting of buyers that would request good G if they did not have to queue,
may be calculated from the equations in corollary 1.1)

Having considered the meaning of the quantity €$>we now return to a study
of the dependency of the normal state on the service capacity, the relative
price and some components of the buyers’ attitude. In such a study there are
many aspects of the normal state that require consideration. A natural
description of the normal state is simply the distribution of the buyers over
the four possible states “queuing”, “G-satisfied”, “//-satisfied” and “post-
poning”, as specified by the normal values of the state variables themselves.
However, as a complement to these quantities one may also consider the flow
of potential customers, i.e., the flow of buyers that would buy good Gif it were
available without queuing (we think of the flow into the last decision point
before the queue in Figs 1 and 2). In general, this flow splits into three
sub-flows: one going to the queue, the other to forced substitution and the third
to postponement. In a normal state, these flows represent the shares (i=1,
2, ... K

(?)* =/((«™) (to queuing) 5.1
(fs)* = (L — (W*)-Cj(7r)  (to forced substitution) (5.2
(fp)* = L —fi(w*)) «(L—€j(jr))  (to postponement) (5.3

of the flow of potential customers of type i. This division of the flow may be
seen as the buyers’ choice of non-financial costs in face of shortage: whether
to spend time queuing, buy a less preferred good or refrain from purchase.
In the “non-shortage case” /></>, we have to*=0 and thus (fq)*—1, (f«*=
(fp)*=0 for all i. In the “shortage case” /. <& however, w*>0 and all shares
may be positive. As to forced substitution, it may be of interest not only to
know the flow shares (fs)* (i=1, 2, .., k) but also the stock shares, i.e. the
number of forced substitutioners among all substitutioners. For an arbitrary
normal state, let this share for buyer group i be denoted r* (i=1, 2, ..., k).
Through the equations in corollaries 1.1 and 1.2 we get the following ex-
pression:

a,(7t) *c(a) ¢ (1- v vwer

) (Lo f() + (L- at()) sty > 22K (54)

with r* defined as zero if the numerator is zero. In particular, we see that in
the “non-shortage case” w*=0 and thus r*=0 for all i.
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A detailed study of all the aspects of the normal state would be very lengthy,
to say the least. However, as the normal values of all state variables and
indicators are more or less directly related to the normal queuing time w*,
we may focus on this fundamental characteristic in the following analysis
without too much loss of completeness.

The normal queuing time w* is determined in corollaries 1.1 and 1.2 through
the identity w*=x*/X. For convenience we restate the result here. Let the
function G: i?+->1t+he defined through

_ at(n) m,
G = 2 Anw) +at(n) ow (5.5
Corollary 1.3. If then w*>0 and w* is the unique solution to the

equation G(w)=X. If X><f> then w*=0.

V.2. Dependency on the Service Capacity

Next, we study how the normal queuing time w* depends on the service
capacity X all other parameters and functions being fixed (in particular thus
$being a constant). Let us compare the normal queuing time corresponding
to a lower service capacity with the normal queuing time corresponding to
a higher service capacity. Intuitively one would expect the queuing time to
he shorter in the case with the higher service capacity. It follows directly
from the monotonicity of the function G that in fact this is the case.

Observation 1. The normal queuing time w* is a continuous function of the
service capacity X For X6 (0, & it is positive and decreasing, while for X><>it
is constantly equal to zero.

The normal queue length x* requires a comment. At first glance, one might
believe that the qualitative result above would hold also for the normal queue
length, i.e. a higher service capacity would yield a shorter queue. However,
in the present model we have assumed that it is the queuing time, and not the
number of persons in the queue, that influences a potential customer’s
propensity to join the queue. Therefore, the normal queue length may be
related to the service capacity in a non-monotonic way under fairly reasonable
assumptions about the queuing propensity functions. This is the case, for
example, if there is a finite upper bound on acceptable queuing time, or, more
precisely, if there is a finite w0 such that fiwQ=0 for »=1, 2, ..., k.

Observation 2. The normal queue length x* is a continuous function of the
service capacity X For XG0, <€ it is positive and for X'<> it is constantly
equal to zero. If there is a finite upper hound on acceptable queuing time,
then lim”~o x* =0.

Thus, as x* is a positive and continuous function of Xfor X6 (0, < it cannot
be monotonically decreasing throughout the whole interval (0, < The
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x,(f)

Fig. 3. Typical response in queue length (xt)), due to successive, sudden increases in the
service capacity (X(t)). Here t denotes time and the rings denote the successive normal
queue lengths.

dependency of the queue length on the service capacity in a typical case is
illustrated in Fig. 3.

In sum: a higher service capacity yields a shorter normal queuing time but not
necessarily a shorter queue.

V.3. Dependency on the Price

We now study how the normal state depends on the relative price n, all other
parameters and functions being fixed (in particular Abeing a constant). Before
studying the normal state variables, however, we should make some observa-
tions about the “long-term potential demand” < From the definition in
equation (4.1) it is easily verified that €>is a continuous and non-increasing
function of n. Moreover, ~-*0 as 7l>»+ °°. Thus, as A>0, $ft)<A for some
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Tt€R+ Let 70denote the minimal price satisfying this inequality (the existence
of a minimal price being guaranteed by the continuity of & In force of
corollaries 1.1 and 1.2 this leads to the following result concerning the existence
or non-existence of a queue in the normal state.

Observation 3. For any fixed service capacity and collection of parameters
and functions describing the buyers’ attitude, there exists a minimal queue
clearing price, i.e. a finite price 70 satisfying

N<M0=>X*>0
=>Mo=>8$=0

In other words, there is always a relative price high enough to make the
corresponding normal state queue-less. However attactive such a normal
state may seem, it should be observed that although there is no queuing at
prices above &0, the situation is not better in terms of the number of persons
served. It is easily verified from corollaries 1.1 and 1.2 that the normal service
rate s* satisfies the equation s*=min (A <€} Thus, as a function of the relative
price re, the normal service rate is constantly equal to Ain the price interval
(0, #Q while it declines with €=in the price interval (jt0 + °°).

As the minimal queue clearing price &0 renders the long-term potential
demand <$equal to the service capacity A it can be regarded as the Walrasian
market clearing price. This price is unique in the deterministic framework of
the present model. Below that price there will always be a queue, above it
there will never be a queue, ceteris paribus.

Let us now consider what happens to the normal queuing time if a low
relative price is raised. Intuitively one would expect the normal queuing
time corresponding to a higher price not to exceed the normal queuing time
corresponding to a lower price. In terms of the present model, this relationship
indeed holds.

Observation 4. The normal queuing time w* is a continuous function of the
relative price n. For prices in the interval (0, y0 it is positive and non-
increasing, while it is constantly equal to zero for prices 7i*7tO0.

In sum: a higher relative price never yields a longer normal queuing time, and
there is always a relative price high enough to make the corresponding normal state
queue-less.

V.4. Dependency on the Queuing and Forced Substitution Propensities

In the two preceding subsections we have studied how the normal state
depends on such “market control variables” as relative price and service

28-784819 Scand. J. of Economics 1978



396 J. Kornai and J. W. Weibull

capacity. We now study how the normal state depends on a few components
of the buyers’ attitude.

Let us first consider the dependency of the normal queuing time on
the queuing propensities of the buyers, all other parameters and functions
being fixed. Let fv/2 .., fk and g g2 ..., gk be two alternative collections
of queuing propensity functions. If, for every i, ft(w) ~ g t(w) for all w>0, and,
for some i, ft(w) >gi(w) for all w> 0, then the collection of functions [/(] is said
to dominate the collection [oq.

Observation 5. Suppose A< <{=and that one collection of queuing propensity
functions [f{] dominates another collection of queuing propensity functions
[odl. Then the normal queuing time corresponding to the first collection
exceeds the normal queuing time corresponding to the second.

In other words: higher queuing propensities yield a normal state with a longer
queuing time.1

Next, let us consider the dependency of the normal queuing time on the
forced substitution propensities of the buyers, all other parameters and func-
tions being fixed (in particular the relative price being fixed). Let [« and [d(]
be two alternative collections of forced substitution propensity functions,
and suppose [cq] majorizes [d(], i.e. for every i ct(n)~d”n) for all #>0.

Observation 6. Suppose that one collection of forced substitution propensity
functions [<] majorizes another collection of such functions [dj. At any fixed
relative price n, the normal queuing time corresponding to [c(] is less than or
equal to the normal queuing time corresponding to [d,].

In other words: higher forced substitution propensities never yield a longer
normal queuing time.

Observations 5 and 6 support the remark made at the end of Section IV.3.
The constellation of the state variables will depend on the attitude of the
buyers in the different groups. Also, there is some “trade-off” between the
different non-financial costs of shortage. As such costs we have in mind queuing,
postponement and forced substitution. Observation 6 illustrates one such
trade-off. The buyers can achieve a shorter queuing time if they are more
willing to accept forced substitution. In general, a decrease in one of these
costs, without an increase in other non-financial costs, can be assured only by
changing the ultimate determining factors: the consumption and voluntary
substitution patterns on one hand and/or the service capacity and price on the
other.

As a final remark we note that shifts in the “market control variables” A

and «i, as well as shifts in the buyers’ attitude, in general have distributional
1 Perhaps this sounds self-evident. However, we want to remind the reader of the direction
of causality. Queuing propensity can be a decision variable of the consumer, but queuing

time will be the joint consequence of the individual decisions, and as such, it will be given
to each individual. The actual shortage situation depends on the tolerance of the buyers.
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effects across buyer groups. For instance, an increase in the relative price
may redirect more price-sensitive buyer groups to substitution, while other,
less price-sensitive groups may only get a shorter queuing time without
changed consumption pattern. Also, an increased propensity for forced
substitution in one buyer group may benefit other groups through a shorter
queuing time.

Thus, in addition to the problem of distribution of income, in money terms,
which is well studied in the literature, we have here another important aspect: the
distribution of non-financial social costs of consumption among the different
groups of the population.

V1. Further Extensions

This paper is only a first step in the study of a large set of problems. The
analysis is kept within very narrow boundaries, using drastic simplifications,
mainly for expository purposes. Extentions and variations are needed. Here
are some of the possible further directions of research:

— A market with an increasing volume of trade over time.
— Endogenous determination of supply, including inventory stocks.
— Stochastic interaction between the agents.
— More complex organizational structure of the market, e.g. many sellers
instead of one.
— Alternative activities; e.g. the buyers searching for goods at different selling
places or at different points in time.
— The buyers’ information about the supply and the sellers’ information
about demand, either exogenously provided or endogenously generated.
— Queue priorities among buyer groups.
— Purchase quantity depending on the price and/or the queuing or search
time.
— Recycling of durable components of consumed items.

A forthcoming paper will discuss the case of search, partly including a few of
the extensions listed above.

Appendix

For editorial reasons, only fragmentary proof sketches for some of the mathe-
matical propositions can be given here. Full proofs are presented in a mimeo-
graphed version of the paper. The mimeographed paper can be obtained from
the authors or the Institute for International Economic Studies, Stockholm
University, on request.
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Proposition 1. Stationarity implies the equation Fa(xl) =1, where

et/ \" ai®ni
°  IZiAIXIX)-X-ha(x) +at'x’

By Al1-A5, F,,is continuous and (strictly) decreasing with Fa(0)= +°° and
Fa{n)<\, and thus the equation Fa{x\)=1 has a unique root xf(o) in the

interval (0, n).

Proposition 2. The system of differential equations is linearized at the
stationary state; cf. Chapter Il, corollary 6.1 in Hale (1969).

Proposition 3. The result may be obtained by a geometric analysis of the

(xv a&2)-phase plane.

Observation 2. For X<cp, x* is the root to the equation H*(x) —1, where
H”X]j) denotes the left-hand side in (4.3). From the hypothesis of a finite

upper bound wo, it follows that H(x) =0 for every x

*w0. As I p is continuous

with Hp0)= (@?> 1, we have x* <X-wu for every X and thus x*-*0 as A->0.

Observation 4. A sufficient condition for the monotonicity result is that the
quantity G(w), for any fixed w>0, does not increase with n. A study of the
price dependency of A i(w)ldifji) gives the condition.
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